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Abstract
Several topologies can be defined on the prime, the maximal and the
minimal prime spectra of a commutative ring; among them, we mention
the Zariski topology, the path topology and the flat topology. By using
these topologies, Tarizadeh and Aghajani obtained recently new charac-
terizations of various classes of rings: Gelfand rings, clean rings, absolutely
flat rings, mp - rings,etc. The aim of this paper is to generalize some of
their results to quantales, structures that constitute a good abstractiza-
tion for lattices of ideals, filters and congruences. We shall study the flat
and the path topologies on the prime, the maximal and the minimal prime
spectra of a coherent quantale. By using these two topologies one obtains
new characterization theorems for hyperarchimedean quantales, normal
quantales, B-normal quantales, mp - quantales and PF - quantales. The
general results can be applied to several concrete algebras: commutative
rings, bounded distributive lattices, MV-algebras, BL-algebras, residuated
lattices, commutative unital l - groups, etc.
Keywords: flat topology, coherent quantale, reticulation, hyperarchimedean
quantales, normal and B - normal quantales, mp - quantales.
1 Introduction
The flat topology on the prime spectrum of a ring was introduced by Hochster
in [22] under the name of inverse topology. It was rediscovered by Doobs et al.
in [14], where the terminology of ”flat topology” appeared. The flat topology is
strongly related to other two topologies defined on the prime spectrum of a com-
mutative ring: spectral topology and patch topology [13],[25],[43]. These three
topologies have a deep impact on some important themes in ring theory (see
[22],[13],[1]). Recently, Tarizadeh proposed in [43] purely algebraic definitions
for flat and path topologies on the prime spectrum Spec(R) of a commutative
ring R. For examples, the closed sets in the flat topology on Spec(R) are defined
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as the images Im(f∗), where f∗ : Spec(A) → Spec(R) is the map induced by
a flat morphism f : R → A. Further, the flat and the patch topologies were
used to obtain new properties and new characterizations of Gelfand rings and
clean rings, as well as of new classes of rings: mp-rings and purified rings (see
[1],[44],[45]). A natural problem is to use the flat and the patch topology for
obtaining new results on the spectra of other types of algebras. On the other
hand, the quantales constitute a good abstraction of the lattices of ideals, filters
and congruences in various algebraic structures. A rich literature was dedicated
to the spectra of quantales (see [15],[17],[35],[36],[38]). Besides the quantales,
other types of multiplicative lattices were proposed to abstractize the lattices of
ideals, filters and congruences [19], [30],[40], [41]. In this paper we shall study
the flat topology on prime, maximal and minimal prime spectra of a coherent
quantale in connection to important classes of quantales: hyperarchimedean,
normal, B-normal, mp - quantales, etc. We shall obtain new characterizations
of these types of quantales in terms of some algebraic and topological properties
of spectra. Our results extend some theorems proven in [1],[43],[44],[45], [3],
[4], etc. for the spectra of commutative rings. The proofs of some results will
use the reticulation of a quantale, a construction that assigns to each coherent
quantale A a unique bounded distributive lattice L(A), whose prime spectrum
SpecId(L(A)) is homeomorphic to the prime spectrum of A.
Now we shall describe the content of this paper. In Section 2 we present some
notions and basic results on the prime and the maximal spectra of a quantale,
their spectral topologies and the radical elements (cf. [38],[30],[15],[36]).
Section 3 contains the axiomatic definition of reticulation of a coherent quan-
tale A and the connection between the m-prime elements of A and the prime
ideals of the reticulation L(A). The homeomorphism between the prime spec-
trum Spec(A) of A and the space SpecId(L(A)) of the prime ideals in L(A)
(with the Stone topology) induces on Spec(A) a spectral topology (this spectral
space is denoted by SpecZ(A), because it generalizes the Zariski topology).
Section 4 deals with the Boolean center B(A) of a quantale A. We present
a short proof that B(A) is isomorphic to the Boolean algebra B(L(A)) of com-
plemented elements in L(A). Section 5 concerns the path and the flat topology
on Spec(A), associated with the spectral space SpecZ(A);these two topological
spaces will be denoted by SpecP (A), resp. SpecF (A). We also introduce the
Pierce spectrum Sp(A) of the quantale A. In Section 6 we continue the study of
the hyperarchimedean quantales, initiated in [9]. The main result of the section
presents new characterizations of these objects in terms of the flat and the path
topologies.
Section 7 contains results about the flat topology on the maximal spectrum
Max(A) of the coherent quantale A. The new topological space MaxF (A) is
Hausdorff and zero - dimensional. We use the flat topology onMax(A) in order
to obtain new properties that characterize the normal and the B-normal quan-
tales [9],[20],[35],[41]. The normal quantales constitute an abstractization of the
lattices of ideals in Gelfand rings [25],[27],[32] and in normal lattices[11],[37],[19],
while the B-normal quantales generalize the lattices of ideals in clean rings
[34],[23] and in B-normal lattices [10],[8]. Thus our theorems on normal and
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B-normal quantales can be applied to various types of structures: Gelfand rings
and normal lattices, normal and B - normal lattices, Gelfand residuated lattices
and residuated lattices with Boolean lifting property [18], clean unital l - groups
[21],etc.
In Section 8 we study two topologies on the set Min(A) of the minimal
m - prime elements of a coherent quantale A. Thus we obtain two topological
spacesMinZ(A) andMinF (A) : the first one is a subspace of SpecZ(A) and the
second one is a subspace of SpecF (A). By using the reticulation we prove that
MinZ(A) is a zero - dimensional Hausdorff space andMinF (A) is a compact T 1
space. The main results of this section focus on themp - quantales, a notion that
generalizes the mc - rings of [1]. We present several conditions that characterize
mp - quantales. For example, we prove that a coherent quantale A is an mc
- quantale iff the reticulation L(A) is a conormal lattice [40] iff SpecF (A) is a
normal space. We introduce the PF - quantales as a generalization of the PF
- rings [4] and we prove that a coherent quantale A is a PF - quantale if and
only if it is a semiprime mp - quantale. Further we obtain a characterization
theorem for PF - quantales.
2 Preliminaries
Let (A,∨,∧, ·, 0, 1) be a quantale and K(A) the set of its compact elements.
A is said to be integral if (A, ·, 1) is a monoid and commutative, if the multi-
plication · is commutative. A frame is a quantale in which the multiplication
coincides with the meet [25]. The quantale A is algebraic if any a ∈ A has the
form a =
∨
X for some subset X of K(A). An algebraic quantale A is coherent
if 1 ∈ K(A) and K(A) is closed under the multiplication. Throughout this pa-
per, the quantales are assumed to be integral and commutative. Often we shall
write ab instead of a · b. We fix a quantale A.
Lemma 2.1 [7] For all elements a, b, c of the quantale A the following hold:
(1) If a ∨ b = 1 then a · b = a ∧ b;
(2) If a ∨ b = 1 then an ∨ bn = 1 for all integer numbers n ≥ 1;
(3) If a ∨ b = a ∨ c = 1 then a ∨ (b · c) = a ∨ (b ∧ c) = 1;
(4) If a ∨ b = 1 and a ≤ c then a ∨ (b · c) = c.
One can define on the quantale A a residuation operation a→ b =
∨
{x|ax ≤
b} and a negation operation a⊥ = a → 0 =
∨
{x|ax = 0}. Thus (A,∨,∧, ·,→
, 0, 1) is a residuation lattice [16], [26]. In this paper we shall use without
mention the basic arithmetical properties of a residuated lattice.
An element p < 1 of A is m-prime if for all a, b ∈ A, ab ≤ p implies a ≤ b
or b ≤ p. If A is an algebraic quantale, then p < 1 is m-prime if and only
if for all c, d ∈ K(A), cd ≤ p implies c ≤ p or d ≤ p. Let us introduce the
following notations: Spec(A) is the set of m-prime elements andMax(A) is the
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set of maximal elements of A. If 1 ∈ K(A) then for any a < 1 there exists
m ∈ Mar(A) such that a ≤ m. The same hypothesis 1 ∈ K(A) implies that
Max(A) ⊆ Spec(A).
Let R be a (unital) commutative ring and L a bounded distributive lattice.
Let us denote by Id(R) the quantale of ideals in R and by Id(L) the frame of
ideals in L. Thus the set Spec(R) of prime ideals in R is the prime spectrum
of the quantale Id(R) and the set of prime ideals in L is the prime spectrum of
the frame Id(L).
The radical ρ(a) = ρA(a) of an element a ∈ A is defined by ρA(a) =
∧
{p ∈
Spec(A)|a ≤ p}; if a = ρ(a) then a is a radical element. We shall denote by
R(A) the set of radical elements of A. The quantale is semiprime if ρ(0) = 0.
Lemma 2.2 [38] For all elements a, b ∈ A the following hold:
(1) a ≤ ρ(a);
(2) ρ(a ∧ b) = ρ(ab) = ρ(a) ∧ ρ(b);
(3) ρ(a) = 1 iff a = 1;
(4) ρ(a ∨ b) = ρ(ρ(a) ∨ ρ(b));
(5) ρ(ρ(a)) = ρ(a);
(6) ρ(a) ∨ ρ(b) = 1 iff a ∨ b = 1;
(7) ρ(an) = ρ(a), for all integer n ≥ 1.
For an arbitrary family (ai)i∈I ⊆ A, the following equality holds: ρ(
∨
i∈I
ai) =
ρ(
∨
i∈I
ρ(ai)). If (ai)i∈I ⊆ R(A) then we denote
·∨
i∈I
ai = ρ(
∨
i∈I
ai). Thus it easy
to prove that (R(A),
·∨
,∧, ρ(a), 1) is a frame [38].
Lemma 2.3 [9] If 1 ∈ K(A) then Spec(A) = Spec(R(A)) and Max(A) =
Max(R(A)).
Lemma 2.4 [30] Let A be a coherent quantale and a ∈ A. Then
(1) ρ(a) =
∨
{c ∈ K(A)|ck ≤ a for some integer k ≥ 1};
(2) For any c ∈ K(A), c ≤ ρ(a) iff ck ≤ a for some k ≥ 1.
Lemma 2.5 [9] If A is a coherent quantale then K(R(A)) = ρ(K(A)) and
R(A) is a coherent frame.
For any element a of a coherent quantale A let us consider the interval
[a)A = {x ∈ A|a ≤ x} and for all x, y ∈ [a)A denote x ·a y = xy ∨ a. Thus
[a)A is closed under the multiplication ·a and ([a)A,∨,∧, ·a, 0, 1) is a coherent
quantale.
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Lemma 2.6 [9] The quantale ([ρ(a))A,∨,∧, ·a, 0, 1) is semiprime and Spec(A) =
Spec([ρ(a))A),Max(A) =Max([ρ(a))A).
Let A,B be two quantales. A function f : A → B is a morphism of quan-
tales if it preserves the arbitrary joins and the multiplication; f is an integral
morphism if f(1) = 1.
Lemma 2.7 [9] Let A be a coherent quantale and a ∈ A.
(1) The function uAa : A → [a)A, defined by u
A
a (x) = x ∨ a, for all x ∈ A,
is an integral quantale morphism;
(2) If c ∈ K(A) then uAa (c) ∈ K([a)).
Let A be a quantale such that 1 ∈ K(A). For any a ∈ A, denote D(a) =
{p ∈ Spec(A)|a 6≤ p} and V (a) = {p ∈ Spec(A)|a ≤ p}. Then Spec(A) is
endowed with a topology whose closed sets are (V (a))a∈A. If the quantale A is
algebraic then the family (D(c))c∈K(A) is a basis of open sets for this topology.
The topology introduced here generalizes the Zariski topology (defined on the
prim spectrum Spec(R) of a commutative ring R [2]) and the Stone topology
(defined on the prime spectrum SpecId(L) of a bounded distributive lattice L
[5]).
Thus we denote by SpecZ(A) the prime spectrum Spec(A) endowed with the
above defined topology; MaxZ(A) will denote the maximal spectrum Max(A)
considered as a subspace of SpecZ(A).
Let L be a bounded distributive lattice. For any x ∈ L, denote DId(x) =
{P ∈ SpecId(L)|x 6∈ P} and VId(x) = {P ∈ SpecId,Z(L)|x ∈ P}. The family
(DId(x))x∈L is a basis of open sets for the Stone topology on SpecId(L); this
topological space will be denoted by SpecId,Z(L). Let MaxId(L) be the set of
maximal ideals of L. Thus MaxId(L) ⊆ SpecId(L) and MaxId(L) becomes a
subspace of SpecId(L), denoted MaxId,Z(L).
3 Reticulation of a coherent quantale
In this section we shall recall from [9],[17] the axiomatic definition of the
reticulation of the coherent quantale and some of its basic properties. Let A be
a coherent quantale and K(A) the set of its compact elements.
Definition 3.1 [9] A reticulation of the quantale A is a bounded distributive
lattice L together a surjective function λ : K(A) → L such that for all a, b ∈
K(A) the following properties hold
(1) λ(a ∨ b) ≤ λ(a) ∨ λ(b);
(2) λ(ab) = λ(a) ∧ λ(b);
(3) λ(a) ≤ λ(b) iff an ≤ b , for some integer n ≥ 1.
5
In [9],[17] there were proven the existence and the unicity of the reticu-
lation for each coherent quantale A; this unique reticulation will be denoted
by (L(A), λA : K(A) → L(A)) or shortly L(A). The reticulation L(R) of a
commutative ring R there was introduced by many authors, but the main ref-
erences on this topic remain [40], [25]. We remark that L(R) is isomorphic to
the reticulation L(Id(R)) of the quantale Id(R).
Lemma 3.2 [9] For all elements a, b ∈ K(A) the following properties hold:
(1) a ≤ b implies λA(a) ≤ λA(b);
(2) λA(a ∨ b) = λA(a) ∨ λA(b);
(3) λA(a) = 1 iff a = 1;
(4) λA(0) = 0;
(5) λA(a) = 0 iff a
n = 0, for some integer n ≥ 1;
(6) λA(a
n) = λA(a), for all integer n ≥ 1;
(7) ρ(a) = ρ(b) iff λA(a) = λA(b);
(8) λA(a) = 0 iff a ≤ ρ(0);
(9) If A is semiprime then λA(a) = 0 implies a = 0.
For any a ∈ A and I ∈ Id(L(A)) let us denote a∗ = {λA(c)|c ∈ K(A), c ≤ a}
and I∗ =
∨
{c ∈ K(A)|λA(c) ∈ I}.
Lemma 3.3 [9] The following assertions hold
(1) If a ∈ A then a∗ is an ideal of L(A) and a ≤ (a∗)∗;
(2) If I ∈ Id(L(A)) then (I∗)∗ = I;
(3) If p ∈ Spec(A) then (p∗)∗ = p and p∗ ∈ SpecId(L(A));
(4) If P ∈ SpecId((L(A)) then P∗ ∈ Spec(A);
(5) If p ∈ K(A) then c∗ = (λA(c)].
Lemma 3.4 [9] If a ∈ A and I ∈ Id(L(A)) then ρ(a) = (a∗)∗, a∗ = (ρ(a))∗
and ρ(I∗) = I∗.
Lemma 3.5 If c ∈ K(A) and I ∈ Id(L(A)) then c ≤ I∗ iff λA(c) ∈ I.
Proof. If c ≤
∨
{d ∈ K(A))|λA(d) ∈ I} then there exists d ∈ K(A) such
that λA(c) ∈ I and c ≤ d. Thus λA(c) ≤ λA(d), so λA(c) ∈ I. The converse
implication is obvious.
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Lemma 3.6 Assume that c ∈ K(A) and p ∈ Spec(A). Then c ≤ p iff λA(c) ∈
p∗.
According to Lemma 3.3, one can consider the following order- preserving func-
tions: u : Spec(A) → SpecId(L(A)) and v : SpecId(L(A)) → Spec(A), defined
by u(p) = p∗ and v(P ) = P∗, for all p ∈ Spec(A) and P ∈ SpecId(L(A)).
Sometimes the previous functions u and v will be denoted by uA and vA.
Lemma 3.7 [9] The functions u and v are homeomorphisms, inverse to one
another.
Corollary 3.8 MaxZ(A) and MaxId,Z(L(A)) are homeomorphic.
Proposition 3.9 [9] The functions Φ : R(A)→ Id(L(A)) and Ψ : Id(L(A))→
R(A) defined by Φ(a) = a∗ and Ψ(I) = I∗, for all a ∈ R(A) and I ∈ Id(L(A)),
are frame isomorphisms, inverse to one another.
Corollary 3.10 If I, J are ideals of L(A) then (I ∨ J)∗ = ρ(I∗ ∨ J∗).
Proof. The equality (I ∨ J)∗ = ρ(I∗ ∨ J∗) follows from the fact that the frame
isomorphism Ψ preserves the finite joins.
4 Boolean center of a quantale and the reticu-
lation
The Boolean center of a quantale A is the Boolean algebra B(A) of comple-
mented elements of A (cf. [7],[24]). In this section we shall study some basic
properties of the Boolean center of a coherent quantale versus the reticulation.
Lemma 4.1 [7],[24] Let A be a quantale and a, b ∈ A, e ∈ B(A). Then the
following properties hold:
(1) a ∈ B(A) iff a ∨ a⊥ = 1;
(2) a ∧ b = ae;
(3) e→ a = e⊥ ∨ a;
(4) If a ∨ b = 1 and ab = 0, then a, b ∈ B(A);
(5) (a ∧ b) ∨ e = (a ∨ e) ∧ (b ∧ e);
(6) For any integer n ≥ 1, a ∨ b = 1 and anbn = 0 implies an, bn ∈ B(A).
Proof. The properties (1)-(5) are taken from [7],[24] and (6) follows by (4) and
Lemma 2.1,(ii).
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Lemma 4.2 [9] If 1 ∈ K(A) then B(A) ⊆ K(A).
For a bounded distributive lattice L we shall denote byB(L) the Boolean algebra
of the complemented elements of L. It is well-known that B(L) is isomorphic
to the Boolean center B(Id(L)) of the frame Id(L) (see [7], [25], [8]).
Let us fix a coherent quantale A.
Lemma 4.3 Assume c ∈ K(A). Then λA(c) ∈ B(L(A)) if and only if c
n ∈
B(A), for some integer n ≥ 1.
Proof. Assume λA(c) ∈ B(L(A)), hence λA(c)∨λA(d) = 1 and λA(c)∧λA(d) =
0, for some d ∈ K(A). Then λA(c ∨ d) = 1 and λA(cd) = 0, hence, by Lemma
3.2,(2) and (5), it follows that c ∨ d = 1 and cndn = 0, for some integer n ≥ 1.
Therefore by Lemma 4.1,(6) one gets cn, dn ∈ B(A). Conversely, if cn ∈ B(A)
then λA(c) = λA(c
n) is an element of B(L(A)).
Corollary 4.4 [9] The function λA|B(A) : B(A) → B(L(A)) is a Boolean iso-
morphism.
Proof. It is easy to see that the function λA|B(A) : B(A) → B(L(A)) is an
injective Boolean morphism. The surjectivity follows by using Lemma 4.3.
If L is bounded distributive lattice and I ∈ Id(L) then the annihilator of I
is the ideal Ann(I) = {x ∈ L|x ∧ y = 0, for all y ∈ L}.
The next two propositions concern the behaviour of reticulation w.r.t. the
annihilators.
Proposition 4.5 If a is an element of a coherent quantale then Ann(a∗) =
(a→ ρ(0))∗; if A is semiprime then Ann(a∗) = (a⊥)∗.
Proof. Assume x ∈ Ann(a∗), so x = λA(c) for some c ∈ K(A) with the
property that for all d ∈ K(A), d ≤ a implies λA(cd) = λA(c) ∧ λA(d) = 0. By
Lemma 3.2(8) one gets cd ≤ ρ(0), so c ≤ d → ρ(0). Thus the following hold:
c ≤
∧
{d→ ρ(0)|d ∈ K(A), d ≤ a} = (
∨
{d ∈ K(A)|d ≤ a})→ ρ(0) = a→ ρ(0),
hence x = λA(c) ∈ (a→ ρ(0))∗. We conclude that Ann(a∗) ⊆ (a→ ρ(0))∗.
In order to prove that (a→ ρ(0))∗ ⊆ Ann(a∗) assume that x ∈ (a→ ρ(0))∗,
so x = λA(c) for some c ∈ K(A) such that c ≤ a → ρ(0). For all d ∈ K(A)
with d ≤ a we have c ≤ a → ρ(0) ≤ d → ρ(0). By Lemma 3.2,(8) one gets
λA(c) ∧ λ(d) = λA(cd) = 0, so x = λA(c) ∈ Ann(a
∗).
Proposition 4.6 Assume that A is a coherent quantale. If I is an ideal of
L(A) then (Ann(I))∗ = I∗ → ρ(0); if A is semiprime then (Ann(I))∗ = (I∗)⊥.
Proof. In order to verify that I∗ → ρ(0) ≤ (Ann(I))∗, it suffices to show that
for all c ∈ K(A), c ≤ I∗ → ρ(0) implies c ≤ (Ann(I))∗. If c ≤ I∗ → ρ(0) then
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∨
{cd|d ∈ K(A), λA(d) ∈ I} = c(
∨
{d ∈ K(A)|λA(d) ∈ I}) = cI∗ ≤ ρ(0).
Thus for all d ∈ K(A) with λA(d) ∈ I we have cd ≤ ρ(0) so cndn = 0 for some
integer n ≥ 1 (cf. Lemma 2.4 (ii)). It follows that λA(c)∧λA(d) = λA(cndn) = 0,
hence λA(c) ∈ Ann(I), i.e. c ≤ (Ann(I))∗.
Assume now that c ∈ K(A) and c ≤ (Ann(I))∗, hence by Lemma 3.5,
λA(c) ∈ Ann(I). For any c ∈ K(A) with λA(d) ∈ I we have λA(cd) = λA(c) ∧
λA(d) = 0, hence by Lemma 3.2 (8) one gets cd ≤ ρ(0). Therefore we have
cI∗ =
∨
{cd|d ∈ K(A), λA(d) ∈ I} ≤ ρ(0), i.e. c ≤ I∗ → ρ(0). Then the
inequality (Ann(I))∗ ≤ I∗ → ρ(0) is proven, so the equality (Ann(I))∗ = I∗ →
ρ(0) follows.
An element a of an arbitrary quantale A is said to be pure (or virginal, in
the terminology of [20]) if for all c ∈ K(A), c ≤ a implies a ∨ c⊥ = 1. The pure
elements in a quantale extend the pure ideals of a ring [27],[41] and the σ -ideals
of a bounded distributive lattice [12], [19]. More precisely, an ideal I of bounded
distributive lattice L is a σ - ideal if for all x ∈ I, we have I ∨ Ann(x) = L.
Lemma 4.7 If an element a of coherent quantale A is pure then a∗ is a σ- ideal
of the reticulation L(A). If moreover A is semiprime then for each σ - ideal J
of L(A), J∗ is a pure element of A.
Proof. Assume x ∈ a∗, so x = λA(c) for some c ∈ K(A) with c ≤ a. Since
a is pure, c ≤ a implies a ∨ c⊥ = 1, so d ∨ e = 1 for some d, e ∈ K(A) with
the properties d ≤ a and e ≤ c⊥. Thus λA(d) ∈ a
∗ and λA(c) ∧ λA(e) =
λA(ce) = λ(0) = 0, i.e. λA(e) ∈ Ann(λA(c)). We observe that λA(d) ∨ λA(e) =
λA(d ∨ e) = 1, so a∗ ∨ Ann(λA(e)) = L(A). Thus a∗ is a σ - ideal.
Now we assume that A is semiprime and J is σ - ideal of L(A). In order to
prove that J∗ is a pure element of A let us consider a compact element c of A
such that c ≤ J∗. By Lemma 3.5 we have λA(c) ∈ J , hence J ∨ Ann(λA(c)) =
L(A), so there exist two compact elements d and e of A such that λA(d) ∈ J ,
λA(e) ∈ Ann(λA(c)) and λA(d∨ e) = λA(d)∨λA(e) = 1. According to Lemmas
3.5 and 3.2,(3) we get d ≤ J∗ and d ∨ e = 1. From λA(e) ∈ Ann(λA(c)) we
infer λA(ce) = λA(c)∧λA(e) = 0, hence ce = 0 (because A is semiprime). Thus
e ≤ c⊥, therefore 1 = d ∨ e ≤ J∗ ∨ c⊥. It follows that J∗ ∨ c⊥ = 1, hence J is a
σ - ideal of L(A).
5 Three topological structures on the prime spec-
trum
In this section we shall discuss some basic properties concerning three topolo-
gies defined on the prime spectrum Spec(A) of a coherent quantale A: spectral
topology, flat topology and path topology. A topological space (X,Ω) is said to
be spectral [22] ( or coherent in the terminology of [25]) if it is sober and the
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family K(Ω) of compact open sets of X is closed under finite intersections, and
forms a basis for the topology. The standard examples of spectral spaces are
the prime spectrum Spec(A) of a commutative ring R (with the Zariski topol-
ogy) and the prime spectrum SpecId(L) of bounded distributive lattice L (with
the Stone topology). If (X,Ω) is a spectral space then in a standard way (see
[13],[25]) one can define on X the following two topologies:
• the path topology, having as basis the family of sets U
⋃
V , where U is a
compact open set in X and V is the complement of a compact open set (this
topological space is denoted by XP );
• the flat topology, having as basis the family of the complements of compact
open sets in X (this topological space is denoted by XF ).
Lemma 5.1 [15], [25] XP is a Boolean space and XF is a spectral space.
Remark 5.2 If L is a bounded distributive lattice and X is the spectral space
SpecId(L) then the family (DId(x)
⋂
VId(y))x,y∈L is a basis of open sets for XP
and the family (VId(y))y∈L is a basis of open sets for XF .
Let A be a coherent quantale. By Proposition 3.7, SpecZ(A) is homeomor-
phic with the spectral space SpecId(L(A)), hence it is a spectral space. The
family of open sets in SpecZ(A) will be denoted by Z = ZA. For any sub-
set S of Spec(A), clZ(S) = V (
⋂
S) is the closure of S in SpecZ(A); for all
p ∈ Spec(A), we have clZ({p}) = V (p). Now we can consider the two topologies
associated with the spectral space X = SpecZ(A): the path topology and the
flat topology. We will denote SpecP (A) = XP and SpecF (A) = XF ; P = PA
will be the family of open sets in SpecP (A) and F = FA the family of open sets
in SpecF (A).
Remark 5.3 (i) The family {D(c)
⋂
V (d)|c, d ∈ K(A)} is a basis of open sets
for SpecP (A);
(ii) The family {V (c)|c ∈ K(A)} is a basis of open sets for SpecF (A).
Remark 5.4 (i) The patch topology on Spec(A) is finer than the spectral and
the flat topologies on Spec(A) ( i.e. Z ⊆ P and F ⊆ P);
(ii) The inclusions Z ⊆ P and F ⊆ P show that the identity functions
id : SpecP (A)→ SpecZ(A) and id : SpecP (A)→ SpecF (A) are continuous.
Proposition 5.5 The two inverse functions u : Spec(A) → SpecId(L(A)) and
v : SpecId(L(A)) → Spec(A) from Proposition 3.7 are homeomorphisms w.r.t
the patch and the flat topologies.
Proof. Applying Lemma 3.6 it is easy to prove that for all c ∈ K(A), the
following equalities u−1(VId(λA(c))) = V (c) and u
−1(DId(λA(c))) = D(c) hold.
Therefore, by Remarks 5.2 and 5.3, u is patch and flat continuous.
For any p ∈ Spec(A), let us denote Λ(p) = {q ∈ Spec(A)|q ≤ p}.
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Proposition 5.6 For any p ∈ Spec(A), the flat closure of the set {p} is clF {p}
= Λ(p).
Proof. According to the definition of the closure clF (p) = clF {p}, the following
equalities hold:
clF (p) = {q ∈ Spec(A)|∀c ∈ K(A)(q ∈ V (c)⇒ V (c)
⋂
{p} 6= ∅})
={q ∈ Spec(A)|∀c ∈ K(A)(c ≤ q ⇒ c ≤ p)}.
In order to prove that clF (p) ⊆ Λ(p), let us consider q ∈ clF (p) and c ∈
K(A). Then c ≤ q implies c ≤ q , therefore
q =
∨
{c ∈ K(A)|c ≤ q} ≤
∨
{c ∈ K(A)|c ≤ p} = p.
Conversely, assume that q ∈ Λ(p), so q ≤ p. Thus for any c ∈ K(A), c ≤ q
implies c ≤ p, hence q ∈ clF (p).
Proposition 5.7 If S ⊆ Spec(A) is compact in SpecZ(A) then its flat closure
is clF (S) =
⋃
p∈S
Λ(p) .
Proof. Applying Proposition 5.6, it follows that for any p ∈ S we have Λ(p)
= clF (p) ⊆ clF (S), so
⋃
p∈S
Λ(p) ⊆ clF (S). Let us prove the converse inclusion
clF (S) ⊆
⋃
p∈S
Λ(p). Assume by absurdum that there exists q ∈ clF (S)−
⋃
p∈S
Λ(p),
so q 6≤ p for all p ∈ S. Then for all p ∈ S there exists cp ∈ K(A) such that
cp 6≤ p and cp ≤ q. This means that S ⊆
⋃
p∈S
D(cp), so S ⊆
n⋃
i=1
D(cpi) for some
p1, . . . , pn ∈ S. Denote c =
n∨
i=1
cpi , so c ∈ K(A) and S ⊆ D(c). One remarks
that c ≤ q, so q ∈ V (c). Since q ∈ clF (S) and V (c) is an open neighbourhoud of
q in the flat topology, it follows that S
⋂
V (c) 6= ∅. This contradicts S ⊆ D(c),
hence clF (S) ⊆
⋃
p∈S
Λ(p). We conclude that clF (S) =
⋃
p∈S
Λ(p).
An element a ∈ A is regular if it is a join of complemented elements. A
maximal element in the set of proper regular elements is called max- regular.
The set Sp(A) of max- regular elements of A is called the Pierce spectrum of
the quantale A. For any proper regular element a there exists p ∈ Sp(A) such
that a ≤ p. If e ∈ B(A) then we denote U(e) = {p ∈ Sp(A)|e 6≤ a}. Thus it is
easy to prove that the family (U(e))e∈B(A) is a basis of open sets for a topology
on Sp(A).
For any p ∈ Spec(A) we define sA(p) =
∨
{e ∈ B(A)|e ≤ p}; sA(p) is regular
and sA(p) ≤ p < 1.
Lemma 5.8 sA(p) is a max - regular element of A.
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Proof. In order to prove that sA(p) ∈ Sp(A) is suffices to have: e ∈ B(A) and
e 6≤ p implies sA(p) ∨ e = 1. Assume by absurdum that there exists e ∈ B(A)
such that e 6≤ p and sA(p) ∨ e < 1. The element sA(p) ∨ e is regular so there
exists a max - regular element q such that sA(p) ∨ e ≤ q. Since e 6≤ p and
p ∈ Spec(A) we have ¬e ≤ p , so 1 = e ∨ ¬ ≤ p. This contradiction shows that
sA(p) ∈ Sp(A).
According to the previous lemma, for each p ∈ Spec(A), sA(p) is a max -
regular element of A, so one obtains a function sA : Spec(A)→ Sp(A).
Proposition 5.9 Sp(A) is a Boolean space and sA : Spec(A) → Sp(A) is
surjective and continuous w.r.t. both flat and spectral topologies on Spec(A).
Proof. Assume that q ∈ Sp(A) then q ≤ p for some p ∈ Spec(A), hence q ≤
sA(p). Since q and sA(p) are max - regular we have q = sA(p), so sA is surjective.
It is easy to see that Sp(A) is a Hausdorff space and (U(e))e∈B(A) is basis of
clopen set for Sp(A). For all e ∈ B(A) we have s−1A (U(e)) = D(e) = V (¬e),
hence the functions sA : SpecZ(A) → Sp(A) and sA : SpecF (A) → Sp(A) are
continuous. Therefore the topological space Sp(A) = Im(sA) is compact. We
conclude that Sp(A) is a Boolean space.
6 Hyperarchimedean quantales
The hyperarchimedean quantales were introduced in [9], where a characteri-
zation theorem of these objects was proven. This section contains new algebraic
and topological characterizations of the hyperarchimedean quantales. Let A be a
coherent quantale. By [9], A is said to be hyperarchimedean if for any c ∈ K(A)
there exists an integer n > 1 such that cn ∈ B(A). Applying Lemma 4.2, it fol-
lows that a coherent frame A is hyperarchimedean if and only if B(A) = K(A)
(see [31]).
Remark 6.1 Recall from [6] that a frame L is zero - dimensional if any element
a ∈ A is a joint of complemented elements. On the other hand, by Remark
2.1,(i) of [31], an algebraic frame is zero - dimensional if and only if each
compact element is complemented. Thus a coherent frame is hyperarchimedean
if and only if it is zero - dimensional.
Proposition 6.2 If A is a coherent quantale the the following are equivalent:
(1) A is hyperarchimedean;
(2) L(A) is a Boolean algebra;
(3) Spec(A) =Max(A);
(4) The quantale [ρ(0))A is hyperarchimedean;
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(5) R(A) is a hyperarchimedean frame;
(6) R(A) is a zero - dimensional frame;
Proof. The equivalence of (1),(2),(3) and (6) was proven in [9], but for sake of
completeness we shall present a short proof of the proposition.
(1) ⇔ (2) In accordance to Lemma 4.3, the following assertions are equiva-
lent:
• L(A) is a Boolean algebra:
• for all c ∈ K(A), λA(c) ∈ B(L(A));
• for all c ∈ K(A), there exists an integer n > 0 such that cn ∈ B(A);
• A is hyperarchimedean.
(2)⇔ (3) By the Nachbin theorem [5] and Proposition 3.7, L(A) is a Boolean
algebra iff SpecId(L(A)) =MaxId(L(A)) iff Spec(A) =Max(A).
(3)⇔ (4) This equivalence follows by using Lemma 2.6.
(1)⇔ (5) According to Lemma 6 of [9], Spec(A) = Spec(R(A)) andMax(A) =
Max(R(A)), therefore this equivalence follows by using that (1) and (3) are
equivalent.
(5)⇔ (6) By Remark 6.1.
Lemma 6.3 If L is a bounded distributive lattice then the following are equiv-
alent:
(1) L is a Boolean algebra;
(2) SpecId(L) = MaxId(L);
(3) For all distinct prime ideals M and N of L there exist x /∈ M and
y /∈ N such that x ∧ y = 0.
Proof. (1)⇔ (2) By the Nachbin theorem.
(1)⇒ (3) Assume that L is a Boolean algebra and M,N are distinct prime
ideals of L. Thus M,N are distinct maximal ideals of L so there exists an
element x ∈M −N . Denoting y = ¬x one gets x /∈ N , y /∈M and x ∧ y = 0.
(3) ⇒ (1) Assume by absurdum that there exist two ideals M and N of L
such that M 6⊆ N . By hypothesis there exist two elements x and y of L such
that x /∈M , y /∈ N and x∧ y = 0. Since x /∈M and x∧ y = 0 implies y ∈M , it
follows a contradiction, so M = N . It follows that SpecId(L) = MaxId(L).
Proposition 6.4 Assume that A is a coherent quantale. The following follow-
ing properties are equivalent:
(1) For all distinct p, q ∈ Spec(L(A)) there exist c, d ∈ K(A) such that
c 6≤ p, d 6≤ q and cd = 0;
(2) For all distinct prime ideals I, J of L(A) there exist two elements x, y
of L(A) such that x /∈ I, y /∈ J and x ∧ y = 0.
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Proof. Assume that I, J are two distinct prime ideals of L(A). In accordance
to Proposition 3.7 there exist two p, q ∈ Spec(A) such that I = p∗, J = q∗ and
p 6= q. By hypothesis there exist c, d ∈ K(A) such that c 6≤ p, d 6≤ q and cd = 0.
Applying Lemmas 3.2 and 3.6 one gets λA(c) ∧ λA(d) = λA(cd) = λA(0) = 0
and λA(c) /∈ p
∗, λA(d) /∈ q
∗.
Assume now that p, q ∈ Spec(A), with p 6= q so p∗, q∗ are distinct prime
ideals of L(A). Thus there exist c, d ∈ K(A) such that λA(c) /∈ p∗, λA(d) /∈ q∗
and λA(cd) = λA(c) ∧ λA(d) = 0. Applying Lemma 3.6 one obtains c 6≤ p and
d 6≤ q. Since A is semiprime, λA(cd) = 0 implies cd = 0 (by Lemma 3.2,(9)),
so there exist an integer n ≥ 1 such that cndn = 0. Let us denote u = cn and
v = dn. Thus u and v are two compact elements of A such that u 6≤ p, v 6≤ q
(because p, q are m - prime elements) and uv = 0.
Proposition 6.5 Assume that A is a coherent quantale. The following proper-
ties are equivalent:
(1) A is hyperarchimedean;
(2) L(A) is a Boolean algebra;
(3) For all distinct prime ideals I, J of L(A) there exist two elements x, y
of L(A) such that x /∈ I, y /∈ J and x ∧ y = 0;
(4) For all distinct p, q ∈ Spec(A) there exist c, d ∈ K(A) such that c 6≤ p,
d 6≤ q and cd = 0;
Proof. (1)⇔ (2) By Proposition 6.2.
(2)⇔ (3) By Lemma 6.3.
(3)⇔ (1) By Proposition 6.4.
Corollary 6.6 If A is a coherent quantale then it is hyperarchimedean if and
only if for all distinct p, q ∈ Spec(A) there exist c, d ∈ K(A) such that c 6≤ p,
d 6≤ q and cd = ρ(0).
Lemma 6.7 [43] Assume that X and Y are topological spaces, X is compact
and Y is Hausdorff. Any continuous function f : X → Y is a closed map.
Moreover, if f is bijective, then it is a homeomorphism.
Theorem 6.8 If A is a coherent quantale then the following are equivalent:
(1) A is hyperarchimedean;
(2) For all distinct p, q ∈ Spec(A) there exist c, d ∈ K(A) such that c 6≤ p,
d 6≤ q and cd = 0;
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(3) SpecZ(A) is Hausdorff;
(4) SpecZ(A) is a Boolean space;
(5) Z = P;
(6) SpecF (A) is Hausdorff;
(7) SpecF (A) is Boolean space;
(8) Z = F .
Proof.
The equivalence (1)⇔ (2) follows from Proposition 6.5 and the equivalences
(3)⇔ (4), (6)⇔ (7) are well - known from the general topology.
(2) ⇒ (3) Let p, q be two distinct elements of Spec(A)). Then there exist
c, d ∈ K(A) such that c 6≤ p, d 6≤ q and cd = 0. It follows that p ∈ D(c),
q ∈ D(d) and D(c)
⋂
D(d) = D(cd) = ∅. Thus SpecZ(A) is a Hausdorff space.
(3)⇒ (5) Assume that SpecZ(A) is a Hausdorff space. Recall from Remark
5.4,(ii) that the identity function id : SpecP (A) → SpecZ(A) is continuous.
Since SpecP (A) is compact (cf. Lemma 5.1) and SpecZ(A) is Hausdorff, by
Lemma 6.7 it follows that the map id : SpecP (A)→ SpecZ(A) is a homeomor-
phism, hence Z = P .
(5) ⇒ (1) Assume that Z = P and p ∈ Spec(A). We want to show that
p ∈ Max(A). According to Remark 5.4(i) and the hypothesis (5) we have
F ⊆ P = Z. From F ⊆ P it follows that any closed set in SpecF (A) is
closed in SpecZ(A), so clZ({p}) ⊆ clP ({p}). Thus by applying Proposition
5.6 one gets V (p) ⊆ Λ(p). Thus V (p) = {p}, so p ∈ Max(A). It follows
that Spec(A) = Max(A), hence, by Proposition 6.2 we conclude that A is
hyperarchimedean.
(1)⇒ (6) Assume that A is hyperarchimedean and p, q are distinct elements
of Spec(A), hence, by Proposition 6.2 we have p, q ∈Max(A), therefore p∨q = 1.
Since 1 ∈ K(A) there exist p, q ∈ K(A) such that c ≤ p, d ≤ q and c ∨ d = 1.
Then p ∈ V (c), q ∈ V (d) and V (c), V (d) are open sets of SpecF (A) such that
V (c)
⋂
V (d) = V (c ∨ d) = V (1) = ∅. It follows that SpecF (A) is a Hausdorff
space.
(6)⇒ (1) Assume that SpecF (A) is a Hausdorff space. Let p ∈ Spec(A) and
q ∈Max(A) such that p ≤ q. Since SpecF (A) is Hausdorff we have clF ({q}) =
{q}. According to Proposition 5.6 we have p ∈ Λ(q) = clF ({q}) = {q}, hence
p = q. Thus Spec(A) =Max(A), so A is hyperarchimedean.
(6)⇒ (8) Assume that SpecF (A) is a Hausdorff space. The identity function
id : SpecP (A)→ SpecF (A) is continuous, SpecF (A) is compact and SpecF (A) is
Hausdorff. Hence by Lemma 6.7 it follows that id : SpecP (A)→ SpecF (A) is a
homeomorphism, so F = P . According to the previous proof of the implications
(6)⇒ (1), and (1)⇒ (5) we have Z = P , therefore Z = F .
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(3)⇒ (5) Assume that Z = F . If p ∈ Spec(A) then Λ(p) = clF ({p}) = {p}
= V (p), hence p ∈ Max(A). Thus Spec(A) = Max(A), so the quantale A is
hyperarchimedean.
Remark 6.9 If we apply the previous theorem to the quantale Id(R) of the
ideals of a commutative ring R then we obtain the main part of Theorem 3.3
from [1].
7 Flat topology on the maximal spectrum
In this section we shall study the flat topology on the maximal spectrum of
coherent quantales in order to obtain new results on the normal and B - normal
quantales.
We fix a coherent quantale A. Recall that MaxF (A) is the maximal spec-
trumMax(A) of A endowed with the restriction of the flat topology of Spec(A).
Lemma 7.1 If c ∈ K(A) then V (c)
⋂
Max(A) is a clopen set of MaxF (A).
Proof. Assume that c is a compact element of A. According to Remark 5.3,(ii),
V (c)
⋂
Max(A) is an open set of MaxF (A). It remains to prove that the set
D(c)
⋂
Max(A) is open in MaxF (A). Let p ∈ D(c)
⋂
Max(A), hence c 6≤ p
and p ∈ Max(A). If c ∨ p < 1 then p < c ∨ p ≤ q for some q ∈ Max(A),
contradicting the maximality of p. Thus c∨ p = 1, hence there exists d ∈ K(A)
such that d ≤ p and c ∨ d = 1. One obtains V (c)
⋂
V (d) = V (c ∨ d) = V (1) =
∅, hence V (d) ⊂ D(c). It follows that p ∈ V (d)
⋂
Max(A) ⊆ D(c)
⋂
Max(A),
so D(c)
⋂
Max(A) is an open subset of MaxF (A).
Proposition 7.2 The topological space MaxF (A) is Hausdorff and zero - di-
mensional.
Proof. Let p, q be two distinct maximal elements of A, hence p ∨ q = 1.
Thus there exist c, d ∈ K(A) such that c ≤ p, d ≤ q and c ∨ d = 1, there-
fore p ∈ V (c), d ∈ V (d) and V (c)
⋂
V (d) = V (c ∨ d) = V (1) = ∅. It results
that MaxF (A) is a Hausdorff space. In accordance to Lemma 7.1, the family
(V (c)
⋂
Max(A))c∈K(A) is a basis of clopen sets for MaxF (A), so this topolog-
ical space is zero - dimensional.
Following [9] we shall denote r(A) =
∧
Max(A) . One remarks that r(A)
extends the notion of Jacobson radical of a commutative ring. It is obvious that
ρ(0) ≤ r(A).
Theorem 7.3 MaxF (A) is compact if and only if [r(A))A is a hyperarchimedean
quantale.
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Proof.
(⇒) Assume thatMaxF (A) is compact. First we shall prove that L(A)/(r(A))∗
is a Boolean algebra. Let c be a compact element of A such that λA(c)/(r(A))
∗ 6=
0/(r(A))∗, so λA(c) 6∈ (r(A))∗. By Lemma 3.5 we have c 6≤ r(A), so there exists
mc ∈ Max(A) such that c 6≤ mc. For any m ∈ Max(A) we have c ≤ m or
c 6≤ m; if c 6≤ m then there exists dm ∈ K(A) such that dm ≤ m and c∨dm = 1.
Since c 6≤ mc, the family {m ∈Max(A)|c 6≤ m} is non-empty. One remarks that
Max(A) = {m ∈Max(A)|c ≤ m}∪{m ∈Max(A)|c 6≤ m} ⊆ V (c)∪
⋃
c 6≤m
V (dm).
By hypothesis MaxF (A) is compact so there exist m1, . . . ,mn ∈ Max(A)
such that c 6≤ mi for i = 1, . . . , n and Max(A) ⊆ V (c) ∪
n⋃
i=1
V (dmi). Let us
denote di = dmi for i = 1, . . . , n and d = d1d2 . . . dm. Therefore Max(A) ⊆
V (c) ∪ V (d) = V (c), so cd ≤ r(A). By Lemma 3.5, cd ≤ r(A) implies λA(cd) ∈
(r(A))∗.
According to Lemma 2.1 (i), from c∨ di = 1, i = 1, . . . , n one gets c∨ d = 1.
Since λA(c) ∨ λA(d) = λA(c ∨ d) = λA(1) = 1 and λA(c) ∧ λA(d) = λA(cd), the
following equalities hold:
λA(c)/(r(A))
∗ ∨ λA(d)/(r(A))∗ = 1/(r(A))∗;
λA(c)/(r(A))
∗ ∧ λA(d)/(r(A))∗ = λA(cd)/(r(A))∗ = 0/(r(A))∗.
It follows that L(A)/(r(A))∗ is a Boolean algebra. By Proposition 6 of [9],
the lattices L([r(A))A) and L(A)/(r(A))
∗ are isomorphic, so the reticulation
L([r(A))A) of the quantale [r(A)A is a Boolean algebra. Applying Proposition
6.1, it follows that [r(A))A is a hyperarchimedian quantale.
(⇐) Assume that the quantale [r(A))A is hyperarchimedean. By Proposition
6.2 we have MaxF ([r(A))A) = SpecF ([r(A))A), so MaxF ([r(A))A) is compact
(cf. Lemma 5.1). It is easy to see that MaxF (A) =MF ([r(A))A), so MaxF (A)
is compact.
Proposition 7.4 The topology ofMaxF (A) is finer than the topology ofMaxZ(A).
Proof. A basic open subset of MaxZ(A) has the form U = Max(A)
⋂
D(c),
for some c ∈ K(A). Let us consider an element m ∈ U so m ∈ Max(A) and
c 6≤ m, hence c ∨ m = 1. Thus we have c ∨ d = 1 for some d ∈ K(A) with
d ≤ m. Therefore V (c)
⋂
V (d) = V (c ∨ d) = V (1) = ∅, so m ∈Max(A)
⋂
V (d)
and Max(A)
⋂
V (d) is included in U . It follows that U is an open subset of
MaxF (A).
The following proposition characterizes the quantales A for whichMaxZ(A)
and MaxF (A) coincide.
Proposition 7.5 If A is a coherent quantale then the following are equivalent:
(1) MaxF (A) is compact;
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(2) The topological spaces MaxZ(A) and MaxF (A) coincide;
(3) [r(A))A is a hyperarchimedean quantale.
Proof. The equivalence of (1) and (3) follows by Theorem 7.3. We remark that
the following equalities hold: MaxF (A) =MaxF ([r(A))A) andMaxZ([r(A))A)
= MaxZ(A). According to Theorem 6.8 the assertions (2) and (3) are equiva-
lent.
Following [25], p.199 we say that a commutative ring R is a Gelfand ring
if each prime ideal of R is contained in a unique maximal ideal. Recall from
[40],[25] that a bounded distributive lattice L is called normal if for all elements
x, y ∈ L such that x ∨ y = 1 there exist u, v ∈ L such that x ∨ u = y ∨ v = 1
and uv = 0. We know from [25], p.68 that a bounded distributive lattice L is
normal if and only if each prime ideal of L is contained in a unique maximal
ideal. The normal quantales were introduced in [35] as an abstractization of the
lattices of ideals of Gelfand rings and normal lattices.
According to [35], a quantale A is said to be normal if for all a, b ∈ A such
that a ∨ b = 1 there exist e, f ∈ A such that a ∨ e = b ∨ f = 1 and ef = 0. If
1 ∈ K(A) then A is normal if and only if for all c, d ∈ K(A) such that c∨ d = 1
there exist e, f ∈ K(A) such that c ∨ e = d ∨ f = 1 and ef = 0 (cf. Lemma 20
of [9]). One observes that a commutative ring R is a Gelfand ring iff Id(R) is
a normal quantale and a bounded distributive lattice L is normal iff Id(L) is a
normal frame.
The normal quantales offer an abstract framework in order to unify some
algebraic and topological properties of commutative Gelfand rings [25], [23],
[32], [29], [39], normal lattices [25], [19], [37], [40], commutative unital l - groups
[7], F - rings [7], [25], MV - algebras and BL - algebras [16], [28], Gelfand
residuated lattices [18], etc.
Let us fix a coherent quantale A.
Proposition 7.6 [9] The quantale A is normal if and only if the reticulation
L(A) is a normal lattice ( in the sense of [40],[25]).
Proposition 7.7 [35],[20],[41] If A is a coherent quantale then the following
are equivalent:
(1) A is a normal quantale;
(2) For all distinct m,n ∈ Max(A) there exist c1, c2 ∈ K(A) such that
c1 6≤ m, c2 6≤ n and c1c2 = 0;
(3) The inclusion Max(A) ⊆ Spec(A) is a Hausdorff embedding (i.e. any
distinct points in Max(A) have disjoint neighbourhoods in SpecZ(A));
(4) For any p ∈ Spec(A) there exists a unique m ∈ Max(A) such that
p ≤ m;
(5) SpecZ(A) is a normal space;
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(6) The inclusion MaxZ(A) ⊆ SpecZ(A) has a continuous retraction γ :
SpecZ(A)→MaxZ(A);
(7) If m ∈Max(A) then Λ(m) is a closed subset of SpecZ(A).
Remark 7.8 A proof of the previous proposition can be obtained by using Propo-
sition 7.6 and some characterizations of normal lattices given in [19], [25], [37],
[40].
Theorem 7.9 Assume that A is a normal quantale. Then the retraction map
γ : Spec(A)→Max(A) is flat continuous if and only if MaxF (A) is a compact
space.
Proof. Assume that the retraction map γ : SpecF (A)→MaxF (A) is continu-
ous. Since SpecF (A) is compact it follows that MaxF (A) is also compact.
Conversely, assume that MaxF (A) is compact, hence by Proposition 7.2
it is a Boolean space. By Proposition 7.3 it results that [(r(A)A) is a hy-
perarchimedean quantale. Applying the condition (4) of Theorem 6.7 one gets
MaxZ([(r(A)A) =MaxF ([(r(A))A). We remark thatMaxZ(A) andMaxF ([(r(A))A)
are homeomorphic, thus by Theorem 6.7(4) it follows thatMaxZ(A) is a Boolean
space. Thus (Max(A)
⋂
D(c))c∈K(A) is a basis of clopen sets in MaxZ(A).
Let us consider an element c ∈ K(A); in accordance to the continuity of
γ : SpecF (A)→MaxF (A), it follows that γ−1(Max(A)
⋂
D(c)) is a clopen set
in SpecZ(A). Applying Lemma 2.4 of [9] we find an element e ∈ B(A) such
that γ−1(Max(A)
⋂
D(c)) = V (e). Therefore γ−1(Max(A)
⋂
D(c)) is a clopen
subset ofMaxF (A) (cf. Lemma 7.1), hence the map γ : SpecF (A)→MaxF (A)
is continuous.
Proposition 7.10 If MaxZ(A) is Hausdorff and ρ(0) = r(A) then the quantale
A is normal.
Proof. Assume by absurdum that the quantale A is not normal, so by Propo-
sition 7.7,(4) there exist p ∈ Spec(A) and q, r ∈Max(A) such that q 6= r, p ≤ q
and p ≤ r. Since MaxZ(A) is Hausdorff there exist c, d ∈ K(A) such that
q ∈ D(c), r ∈ D(d) and D(cd)
⋂
Max(A) = D(c)
⋂
D(d)
⋂
Max(A) = ∅.
If cd 6≤ ρ(0) then cd 6≤ r(A), so cd 6≤ m for somem ∈Max(A). It results that
m ∈ D(cd)
⋂
Max(A), contradicting D(cd)
⋂
Max(A) = ∅. Thus cd ≤ ρ(0),
hence one gets c ≤ p or d ≤ p. If c ≤ p then c ≤ q, contradicting q ∈ D(c);
similarly, c ≤ p contradicts r ∈ D(d). We conclude that A is normal.
Corollary 7.11 MaxZ(A) is a Hausdorff space if and only if [r(a))A is a nor-
mal quantale.
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Proof. We observe that the quantale C = [r(a))A verifies the conditions ρC(0)
= r(C) and MaxZ(A) = MaxC(A). Applying Proposition 7.10 to the quan-
tale C the following equivalences hold: MaxZ(A) is Hausdorff iff MaxZ(C) is
Hausdorff iff C is a normal quantale.
Following [9] we say that a quantale A is said to be B - normal if for all
c, d ∈ K(A) there exist e, f ∈ B(A) such that c ∨ e = d ∨ f = 1 and cd = 0. If
the B - normal quantale A is a frame then we shall say that A is a B - normal
frame. The B - normal quantales constitute an abstract setting in which we
can generalize various results on the clean commutative rings [23], [34], the B -
normal (bounded distributive ) lattices [10], the clean unital l - groups [21], the
quasi - local BL - algebras [28], the quasi - local residuated lattices [33],etc.
Lemma 7.12 If A is normal quantale then (D(e)
⋂
Max(A))e∈B(A) is the fam-
ily of the clopen subsets of MaxZ(A).
Proof. Let K be a clopen subset of MaxZ(A). If γ : SpecZ(A)→MaxZ(A) is
the continuous retract of the inclusionMaxZ(A) ⊆ SpecZ(A), then L = γ−1(K)
is a clopen set in SpecZ(A). By Lemma 24 of [9] there exists an element e ∈
B(A) such that L = D(e). Thus K = γ(D(e)) = {γ(p)|p ∈ Spec(A), e 6≤ p}. It
is easy to see that for all p ∈ Spec(A) we have e ≤ p iff e ≤ γ(p), hence K =
{γ(p)|p ∈ Spec(A), e 6≤ γ(p)} = D(e)
⋂
Max(A).
The following theorem contains some conditions that characterize the B -
normal algebras.
Theorem 7.13 If A is a coherent quantale then the following are equivalent:
(1) A is B - normal;
(2) R(A) is a B - normal frame;
(3) The reticulation L(A) is a B - normal lattice;
(4) For all distinct p, q ∈ Max(A) there exists e ∈ B(A) such that e ≤ p
and ¬e ≤ q;
(5) A is a normal quantale and MaxZ(A) is a zero - dimensional space;
(6) A is a normal quantale and MaxZ(A) is a Boolean space;
(7) The family (D(e)
⋂
Max(A))e∈B(A) is a basis of open sets forMaxZ(A);
(8) The function sA|Max(A) :MaxZ(A)→ Sp(A) is a homeomorphism.
Proof. The equivalence of the properties (1), (2), (3), (5) and (6) was established
in [9], hence it remains to prove the equivalence of the other conditions.
(1) ⇒ (4) Let p, q be two distinct maximal elements of A, hence p ∨ q = 1.
Since A is B - normal, there exist e, f ∈ B(A) such that p ∨ f = q ∨ e = 1 and
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ef = 0. From p∨f = q∨e = 1 one gets f 6≤ p, e 6≤ q, hence ¬f ≤ p and ¬e ≤ q.
The equality ef = 0 implies e ≤ ¬f ≤ p.
(6)⇒ (7) SinceMaxZ(A) is a Boolean space, the family of its clopen subsets
is a basis of open sets. By Lemma 7.12, the family (D(e)
⋂
Max(A))e∈B(A) is
exactly this basis of open sets for MaxZ(A).
(7)⇒ (4) Let p, q be two distinct maximal elements of A. We observe that U
= Spec(A)−{q} = Spec(A)−V (q) = D(q) is open in SpecZ(A), so U
⋂
Max(A)
is an open subset ofMaxZ(A) that contains p. In accordance to the hypothesis,
there exists e ∈ B(A) such that p ∈ D(e)
⋂
Max(A) ⊆ U
⋂
Max(A). It follows
that e 6≤ p and e ≤ q, so ¬e ≤ p and e ≤ q.
(1) ⇒ (8) Assume that A is B - normal. In accordance to Proposition 5.9,
sA|Max(A) : SpecZ(A)→ Sp(A) is a surjective continuous map. We shall prove
that the restriction of sA to Max(A) is injective. Let m,n ∈Max(A) such that
m 6= n. We know that the conditions (1) and (4) are equivalent, so there exists
e ∈ B(A) such that e ≤ m, ¬e ≤ n, hence e ≤ sA(m) and e 6≤ sA(n). It follows
that sA(m) 6= sA(n), so sA is injective.
In order to prove that sA|Max(A) : MaxZ(A) → Sp(A) is surjective assume
that q ∈ Sp(A), hence q = sA(p), for some p ∈ Spec(A). Let γ(p) be the unique
maximal element of A such that p ≤ γ(p). Thus q = sA(p) ≤ sA(γ(p)), so
q = γ(p), because q and γ(p) are max- regular elements. We know already that
(1) and (6) are equivalent, so Max(A) is a Boolean space. By Proposition 5.9,
Sp(A) is also a Boolean space. Therefore, by applying Lemma 6.8 it follows
that sA|Max(A) :MaxZ(A)→ Sp(A) is a homeomorphism.
(8)⇒ (6) Taking into account the hypothesis (8), it follows that the function
(sA|Max(A))
−1 ◦ sA : SpecZ(A) → MaxZ(A) is a continuous retraction of the
inclusion MaxZ(A) ⊂ SpecZ(A), so A is a normal quantale. Moreover, by (8)
and Proposition 5.9 it follows that MaxZ(A) is a Boolean space.
Corollary 7.14 Let A be a normal quantale. If [r(A))A is a hyperarchimedean
quantale then A is B - normal.
Proof. Assume that [r(A))A is hyperarchimedean, so by Proposition 4.5 we
haveMaxF (A) = MaxZ(A). Therefore by using Proposition 7.2 it follows that
MaxZ(A) is zero - dimensional. Applying Theorem 7.13,(5) one gets that A is
a B - normal quantale.
8 Flat topology on the minimal prime spectrum
If A is a quantale then we denote by Min(A) the set of minimal m - prime
elements of A; Min(A) is called the minimal prime spectrum of A. If 1 ∈ K(A)
then for any p ∈ Spec(A) there exists q ∈ Min(A) such that q ≤ p. For any
bounded distributive lattice L we denote byMinId(L) the set of minimal prime
ideals in L; MinId(L) is the minimal prime spectrum of the frame Id(L).
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We will obtain a description of the minimal m - prime elements of a coherent
quantale A by using the reticulation. First we remember from [40] the following
result.
Lemma 8.1 A prime ideal P of a bounded distributive lattice L is minimal
prime if and only if for all x ∈ P we have Ann(x) 6⊆ P .
Let us fix a coherent quantale A.
Lemma 8.2 If c ∈ K(A) and p ∈ Spec(A) then Ann(λA(c)) ⊆ p∗ if and only
if c→ ρ(0) ≤ p.
Proof. If Ann(λA(c)) ⊆ p∗, then by using Lemma 3.4 and Proposition 4.5,
one gets c → ρ(0) ≤ ρ(c → ρ(0)) = ((c → ρ(0))∗)∗ = (Ann(λA(c)))∗ ≤ (p∗)∗
= p. Conversely, if c → ρ(0) ≤ p, then by using Proposition 4.5 we have
Ann(λA(c)) = (c→ ρ(0))
∗ ⊆ p∗.
Proposition 8.3 If p ∈ Spec(A) then the following are equivalent:
(1) p ∈Min(A);
(2) p∗ ∈MinId(L(A));
(3) For all c ∈ K(A)), λA(p) ∈ p∗ implies Ann(λA(p)) 6⊆ p∗;
(4) For all c ∈ K(A)), c ≤ p if and only if c→ ρ(0) 6≤ p.
Proof. (1) ⇔ (2) Let us consider the order - preserving map u : Spec(A) →
SpecId(L(A)) defined by u(p) = p
∗, for all p ∈ Spec(A). According to Propo-
sition 3.7, u is an order - isomorphism, hence the conditions (1) and (2) are
equivalent.
(2)⇔ (3) By Lemma 3.3,(3), p∗ is a prime ideal of the lattice L(A). There-
fore, by using Lemma 8.1 it follows that the properties (2) and (3) are equivalent.
(3)⇔ (4) By Lemmas 3.6 and 8.2.
Corollary 8.4 If A is semiprime and p ∈ Spec(A) then p ∈ Min(A) if and
only if for all c ∈ K(A), c ≤ p implies c⊥ 6≤ p.
Let us denote by MinZ(A) (resp. MinF (A)) the topological space obtained
by restricting the topology of SpecZ(A) (resp. SpecF (A)) to Min(A). Sim-
ilarly, for a bounded distributive lattice L we denote by MinId,Z(L) (resp.
MinId,F (L)) the space obtained by restricting to MinId(L) the Stone topology
(resp. the flat topology) of SpecId(L).
Lemma 8.5 The topological spacesMinZ(A) andMinId,Z(L) (resp. MinF (A)
and MinId,F (L))) are homeomorphic.
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Corollary 8.6 MinZ(A) is a zero - dimensional Hausdorff space andMinF (A)
is a compact T 1 space.
Proof. By [42], MinId,Z(L) is a zero - dimensional Hausdorff space and
MinId,F (L) is a compact T 1 space.
Proposition 8.7 [42] If L is a bounded distributive lattice then the following
are equivalent:
(1) MinId,Z(L) = MinId,F (L);
(2) MinId,Z(L) is a compact space;
(3) MinId,Z(L) is a Boolean space;
(4) For any s ∈ L there exists y ∈ L such that x ∧ y = 0 and Ann(x ∨ y)
= {0}.
Theorem 8.8 If A is a semiprime quantale then the following are equivalent:
(1) MinZ(A) = MinF (A);
(2) MinZ(A) is a compact space;
(3) MinZ(A) is a Boolean space;
(4) For any c ∈ K(A) there exists d ∈ K(A) such that cd = 0 and (c∨ d)⊥
= 0.
Proof.
(1)⇔ (2)⇔ (3) These equivalences follow by applying Lemma 8.5 and tak-
ing in account the equivalence of the assertions (i), (ii) and (iii) from Proposition
8.7.
(1)⇒ (2) Assume that c ∈ K(A). By Lemma 8.5 we haveMinId,Z(L(A)) =
MinId,F (L(A)), therefore by applying Proposition 8.7 to the lattice L(A) there
exists d ∈ K(A) such that λA(cd) = λA(c) ∧ λA(d) = 0 and Ann(λA(c ∨ d))
= Ann(λA(c) ∨ λA(d)) = {0}. The quantale A is semiprime, hence by using
Lemma 3.2,(9) and Proposition 4.5, one obtains cd = 0 and ((c ∨ d)⊥)∗ = {0}.
If z ∈ K(A) and z ≤ (c∨d)⊥ then λA(z) ∈ ((c∨d)⊥)∗, so λA(z) = 0. Since A is
semiprime it follows that z = 0 (cf. Lemma 3.2,(9)). We conclude that (c∨ d)⊥
= 0.
(4)⇒ (1) Assume that x ∈ L(A) hence x = λA(c) for some c ∈ K(A). Then
there exists d ∈ K(A) such that cd = 0 and (c∨d)⊥ = 0. Denoting y = λA(d) we
obtain x∧y = λA(cd) = 0 and Ann(x∨y) = Ann(λA(c∨d)) = ((c∨d)⊥)∗ = 0.
By Proposition 8.7 we haveMinId,Z(L(A)) = MinId,F (L(A)), hence MinZ(A)
= MinF (A).
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Recall from [1] that an mp - ring is a commutative ring R with the property
that each prime ideal of R contains a unique minimal prime ideal. Let us extend
this notion to quantales: a quantale A is anmp - quantale if for any p ∈ Spec(A)
there exist a unique q ∈ Min(A) such that q ≤ p. An mp - frame is an mp -
quantale wich is a frame. We remark that a ring R is an mp - ring if and only
if the quantale Id(R) of ideals of R is an mp - quantale.
The mp - quantales can be related to the conormal lattices, introduced by
Cornish in [11] under the name of ”normal lattices”. According to [40],[25], a
conormal lattice is a bounded distributive lattice L such that for all x, y ∈ L
with x ∧ y = 0 there exist u, v ∈ L having the properties x ∧ u = y ∧ v = 0 and
u ∨ v = 1. In [11] Cornish obtained several characterizations of the conormal
lattices.
Proposition 8.9 [11] A bounded distributive lattice L is conormal if and only
if any prime ideal of L contains a unique minimal prime ideal.
Corollary 8.10 A coherent quantale A is an mp - quantale if and only if the
reticulation L(A) is a conormal lattice.
Proof. Recall that the two functions uA : Spec(A) → SpecId(L(A)) and vA :
SpecId(L(A)) → Spec(A) from Proposition 3.7 are order - isomorphisms (the
order is the inclusion). Thus the corollary follows by using Proposition 8.9.
By [22] for any bounded distributive lattice L there exists a commutative
ring R such that the lattices L and L(A) are isomorphic (see also the discussion
from Section 3.13 of [25]). Thus for any coherent quantale A there exists a
commutative ring R such that the lattices L(A) and L(R) are isomorphic (we
shall identify these isomorphic lattices). Let us fix this ring R associated with
the quantale A.
In accordance with Proposition 3.7 we have the following homeomorphisms:
SpecZ(A)
uA−−→ SpecId,Z(L(A))
vR−−→ SpecZ(R) (i)
SpecZ(R)
uR−−→ SpecId,Z(L(A))
vA−−→ SpecZ(A) (ii)
By restricting these four maps to minimal prime spectra one gets the follow-
ing homeomorphisms:
MinZ(A)
uA−−→MinId,Z(L(A))
vR−−→MinZ(R) (iii)
MinZ(R)
uR−−→MinId,Z(L(A))
vA−−→ SpecZ(A) (iv)
(we denote the restrictions by the same symbols).
Remark 8.11 Taking into account Proposition 5.5 it is easy to prove that the
following maps: SpecF (A)
uA−−→ SpecId,F (L(A)), SpecId,F (L(A))
vA−−→ SpecF (A),
SpecF (R)
uR−−→ SpecId,F (L(A)) and SpecId,F (L(A))
vR−−→ SpecF (R) are homeo-
morphisms.
Lemma 8.12 The coherent quantale A is an mp - quantale if and only if R is
an mp - ring.
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Proof. We apply Proposition 8.9 to the isomorphic reticulations L(A) and
L(R) of the quantale A and the ring R.
Proposition 8.13 For a coherent quantale A the following are equivalent:
(1) The inclusion MinF (A) ⊆ SpecF (A) has a flat continuous retraction;
(2) The inclusion MinF (R) ⊆ SpecF (R) has a flat continuous retraction.
Proof. According to Remark 8.11, each of these two conditions is equivalent
to the following property: the inclusion MinId,F (L(A)) ⊆ SpecId,F (L(A)) has
a flat continuous retraction.
Theorem 8.14 If A is a coherent quantale then the following are equivalent:
(1) A is an mp - quantale;
(2) For any distinct elements p, q ∈Min(A) we have p ∨ q = 1;
(3) R(A) is an mp - frame;
(4) [ρ(0))A is an mp - quantale;
(5) The inclusion MinF (A) ⊆ SpecF (A) has a flat continuous retraction;
(6) SpecF (A) is a normal space;
(7) If p ∈Min(A) then V (p) is a closed subset of SpecF (A).
Proof.
(1) ⇒ (2) Suppose that p, q are distinct elements of Min(A). If p ∨ q < m
then p ∨ q ≤ m for some m ∈ Max(A). Then there exist two distinct p, q ∈
Min(A) such that p ≤ m and q ≤ m, contradicting that A is an mp - quantale.
It follows that p ∨ q = 1.
(2) ⇒ (1) Assume by absurdum that there exist p ∈ Spec(A) and two
distinct q, r ∈Min(A) such that q ≤ p and r ≤ p. Thus q ∨ r = 1, hence p = 1,
contradicting that p ∈ Spec(A).
(1) ⇔ (3) By Lemma 6 of [9] we have Spec(A) = Spec(R(A)), hence
Min(A) =Min(R(A)), so the equivalence of (1) and (3) is immediate.
(1) ⇔ (4) This equivalence follows from Spec(A) = Spec([ρ(0))A) and
Min(A) =Min([ρ(0))A).
(1)⇔ (5) By using Lemma 8.12, Proposition 8.13 and the equivalence of the
conditions (i), (v) from Theorem 6.2 of [1] it results that the properties (1) and
(5) are equivalent.
(1) ⇔ (6) By Remark 8.11, Lemma 8.12 and Theorem 6.2 of [1], it follows
that A is an mp - quantale iff R is an mp - ring iff SpecF (R) is normal iff
SpecF (A) is normal.
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(2) ⇒ (7) Assume that p ∈ Min(A) and q ∈ D(p). Consider an element
r ∈ Min(A) such that r ≤ q. Since p 6≤ q we have p 6= r, hence p ∨ r = 1
by the hypothesis (2), so there exist c, d ∈ K(A) such that c ≤ p, d ≤ r and
c ∨ d = 1. Thus V (c)
⋂
V (d) = V (c ∨ d) = V (1) = ∅, so V (d) ⊆ D(c) ⊆ D(p).
From d ≤ r ≤ q one gets q ∈ V (d). Since q ∈ V (d) ⊆ D(p) and V (d) is a basic
open set of SpecF (A) it follows that D(p) is open in SpecF (A). We conclude
that V (p) is closed in SpecF (A).
(7)⇒ (2) Assume by absurdum that there exist two distinct p, q ∈Min(A)
such that p ∨ q < 1, so p ∨ q ≤ m for some m ∈ Max(A). Therefore m ∈ V (p)
and m ∈ V (q), hence V (p)
⋂
V (q) 6= ∅. Since V (q) is an open neighborhood of
p in SpecF (A) and V (p) is flat closed, one gets q ∈ V (p). Thus q ≤ p so q = p
because p and q are minimal m - prime elements. This contradiction shows that
for all distinct minimal m - prime elements p, q we have p ∨ q = 1.
Remark 8.15 If R is a commutative ring and A is the quantale Id(R) of ideals
of R, then applying the previous result one obtains some of the characterizations
of mp - rings, contained in Theorem 6.2 of [1].
Recall from [4] that a commutative ring R is said to be an PF - ring if the
annihilator of each element of R is a pure ideal. We shall generalize this notion
to quantales. Then a quantale A is a PF - quantale if for each c ∈ K(A), c⊥ is
a pure element. For any commutative ring R, Id(R) is a PF - quantale if and
only if R is a PF - ring.
Proposition 8.16 [3] If A is a bounded distributive lattice L then the following
are equivalent
(1) L is conormal;
(2) For all x ∈ L, Ann(x) is a σ - ideal;
(3) Any minimal prime ideal of L is a σ - ideal.
In other words, a bounded distributive lattice L is conormal if and only if
Id(L) is a PF - frame.
In what follows we shall establish a relationship between PF - quantales and
mp - quantales. We fix a coherent quantale A.
Lemma 8.17 Any PF - quantale A is semiprime.
Proof. Let c be a compact element of A such that cn = 0 for some integer
n ≥ 1. Then cn−1 ≤ (cn−1)⊥, hence (cn−1)⊥ = (cn−1)⊥ ∨ (cn−1)⊥ = 1, because
(cn−1)⊥ is pure. Thus cn−1 ≤ (cn−1)⊥ = 0 , so cn−1 = 0. By using many times
this argument one gets c = 0. According to Lemma 2.4,(2) it follows that A is
semiprime.
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Proposition 8.18 If A is a PF - quantale then the reticulation L(A) is a
conormal lattice.
Proof. By Lemma 8.17, the PF - quantale A is semiprime. Assume that
x ∈ L(A) so x = λA(c), for some c ∈ K(A). Applying Proposition 4.5 one
obtains Ann(x) = Ann(λA(c)) = Ann(c
∗) = (c⊥)∗. By hypothesis, c⊥ is a pure
element of A, therefore by Lemma 4.7 it follows that Ann(x) = (c⊥)∗ is a σ -
ideal of the lattice L(A). Applying Proposition 8.16 it follows that L(A) is a
conormal lattice.
Theorem 8.19 For a coherent quantale A the following are equivalent:
(1) A is a PF - quantale;
(2) A is a semiprime mp - quantale.
Proof.
(1)⇒ (2) By Proposition 8.18 and Corollary 8.10.
(2) ⇒ (1) In order to prove that A is a PF -quantale let us assume that
c ∈ K(A). We shall prove that c⊥ is a pure element of A. Let d be a compact
element of A such that d ≤ c⊥, hence λA(c)∧λA(d) = λA(cd) = λA(0) = 0, i.e.
λA(d) ∈ Ann(c∗) = Ann(λA(c)). By Corollary 8.10 L(A) is a conormal lattice,
hence Ann(λA(c)) is σ - ideal of L(A) (cf. Proposition 8.16). It follows that
Ann(c∗) ∨ Ann(d∗) = Ann(λA(c)) ∨ Ann(λA(d)) = L(A).
According to Lemma 3.4, Proposition 4.5 and Corollary 3.10, the following
equalities hold:
ρ(ρ(c⊥) ∨ ρ(d⊥)) = ρ(((c⊥)∗)∗ ∨ ((c⊥)∗)∗) = ρ((Ann(c∗))∗ ∨ (Ann(d∗))∗) =
(Ann(λA(c)) ∨ Ann(λA(d)))∗ = (L(A))∗ = 1.
By Lemma 2.2,(3) and (6) one gets c⊥ ∨ d⊥ = 1, hence c⊥ is pure.
Theorem 8.20 For a coherent quantale A consider the following conditions:
(1) Any minimal m - prime element of A is pure;
(2) A is an mp - quantale.
Then (1) implies (2). If the quantale A is semiprime then the converse impli-
cation holds.
Proof. First we shall prove that (1) implies (2). According to Corollary 8.10
it suffices to check that the reticulation L(A) is a conormal lattice. Let P
be a minimal prime ideal of L(A), hence P = p∗ for some p ∈ Min(A). By
taking into account the hypothesis, it results that p is a pure element of A. In
accordance to Lemma 4.7, P = p∗ is a σ - ideal of L(A), so any minimal prime
ideal of L(A) is a σ - ideal. Applying Proposition 8.16 it follows that the lattice
L(A) is conormal.
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Assume now that A is a semiprime mp - quantale and p ∈Min(A), so p∗ is
a minimal prime ideal of L(A). By Corollary 8.10, L(A) is a conormal lattice,
thus any minimal prime ideal of L(A) is a σ - ideal. Therefore p∗ is a σ -
ideal of L(A). Since A is semiprime, by applying Proposition 4.7 it follows that
p = (p∗)∗ is a pure element of A.
Corollary 8.21 Let A be a semiprime quantale. Then A is a PF - quantale if
and only if any minimal m - prime element of A is pure.
Proof. We apply Theorems 8.19 and 8.20.
Theorem 8.22 For a coherent quantale A the following are equivalent:
(1) A is a PF - quantale;
(2) A is a semiprime mp - quantale;
(3) If c, d ∈ K(A) then cd = 0 implies c⊥ ∨ d⊥ = 1;
(4) If c, d ∈ K(A) then (cd)⊥ = c⊥ ∨ d⊥;
(5) For each c ∈ K(A), c⊥ is a pure element.
Proof. The equivalence of (1) and (2) follows from Theorem 8.19 and that the
conditions (3) and (5) are equivalent is obvious.
(2)⇒ (3) Assume by absurdum that there exist c, d ∈ K(A) such that cd = 0
and c⊥ ∨ d⊥ < 1, hence there exists a minimal m - prime element p such that
p ≤ m. Since cd = 0 and p ∈ Spec(A) we have c ≤ p or d ≤ p. Assume that
c ≤ p, so p ∨ c⊥ = 1 (by Theorem 8.20, the minimal m - prime element p is
pure). This contradicts p ∨ c⊥ ≤ m, so the implication is proven.
(3)⇒ (2) First we prove that A is semiprime. Let c ∈ K(A) such that cn = 0
for some integer n ≥ 1. Assuming n > 1, from cn−1c = 0 one gets (cn−1)⊥ =
c⊥ ∨ (cn−1)⊥ = 1, hence cn−1 = 0. By using many times this argument one
obtains c = 0, so A is semiprime.
Now we shall prove that A is an mc - quantale. According to Theorem 8.14
it suffices to show that for any distinct minimal m - prime elements p, q we have
p ∨ q = 1. Assume that p, q ∈ Min(A), p 6= q, so there exists d ∈ K(A) with
d ≤ p and d 6≤ q. By Corollary 8.4 we have d⊥ 6≤ p, so there exists c ∈ K(A)
such that c ≤ d⊥ and c 6≤ p. Thus cd = 0 implies c⊥ ∨ d⊥ = 1, so there exist
u, v ∈ K(A) such that u ≤ c⊥, v ≤ d⊥ and u ∨ v = 1. Since p is m - prime,
from uc = 0 and c 6≤ p it results that u ≤ p. Similarly, one obtains v ≤ q, so in
the both cases we have p ∨ q = 1.
(3)⇒ (4) In order to prove that (cd)⊥ ≤ c⊥ ∨ d⊥ let us consider a compact
element e of A such that e ≤ (cd)⊥. Then ecd = 0, so by hypothesis one gets
(ec)⊥∨(d)⊥ = 1, therefore there exist u, v ∈ K(A) such that u ≤ (ec)⊥, v ≤ (d)⊥
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and u ∨ v = 1. It follows that eu ≤ c⊥, ev ≤ d⊥ and e = e(u ∨ v) = eu ∨ ev,
hence e ≤ c⊥ ∨ d⊥. Then the inequality (cd)⊥ ≤ c⊥ ∨ d⊥ was proven. The
converse inequality is clear, so (cd)⊥ = c⊥ ∨ d⊥.
(4)⇒ (3) It is easy to see that this implication holds.
References
[1] M. Aghajani, A. Tarizadeh, Characterization of Gelfand rings, clean rings
and their dual rings, arXiv:1803.04817, Dec.2019
[2] M. F. Atiyah, I. G. MacDonald, Introduction to Commutative Algebra,
Addison-Wesley Publ. Comp., 1969
[3] H. Al- Ezeh, On σ− ideals of conormal lattices, Comm. Math. Univ. Sancti
Pauli, 40(1), 1991, 7 - 13
[4] H. Al- Ezeh, Further results on reticulated rings, Acta Math. Hung., 60
(1-2), 1992, 1 - 6
[5] R. Balbes, Ph. Dwinger, Distributive Lattices, Univ. of Missouri Press,
1974
[6] B. Banaschewski, Gelfand and exchange rings: their spectra in pointfree
topology, The Arabian Journal for Science and Engineering, 25, No 2C,
2000, 3 - 22
[7] G. Birkhoff, Lattice Theory, 3rd ed., AMS Collocquium Publ. Vol. 25,
1967
[8] D. Cheptea, G. Georgescu, C. Mures¸an, Boolean lifting properties for
bounded distributive lattices, Scientific Annals of Computer Science, 25,
2015, 29 - 67
[9] D. Cheptea, G. Georgescu, Boolean lifting properties in quantales, Soft
Computing, 24, 2020, 6119 - 6181
[10] R. Cignoli, The lattice of global sections of sheaves of chains over Boolean
spaces, Algebra Universalis, 8, 1978, 357 - 373
[11] W. H. Cornish, Normal lattices, J. Australian Math. Soc, 14, 1972, 200 -
215
[12] W. H. Cornish, O - ideals, congruences and sheaf representations of dis-
tributive lattices, Rev. Roum. Math. Pures et Appl.,22,(8), 1977, 1059 -
1067
[13] M. Dickmann, N. Schwartz, M. Tressl, Spectral Spaces, Cambridge Univ.
Press., 2019
29
[14] D. Doobs, M. Fontana, I. Papick, On the flat spectral topology, Rend.
Math.,1(4), 1981, 559 - 578
[15] P. Eklund, J. G. Garcia, U. Hohle, J. Kortelain, Semigroups in Complete
Lattices: Quantales, Modules and Related Topics, Springer, 2018
[16] N. Galatos, P. Jipsen, T. Kowalski, H. Ono, Residuated Lattices: An
Algebraic Glimpse at Structural Logics, Studies in Logic and The Foun-
dationof Mathematics, 151, Elsevier, 2007
[17] G. Georgescu, The reticulation of a quantale, Rev. Roumaine Math. Pures
Appl., 40, 1995, 619 - 631
[18] G. Georgescu, D. Cheptea, C. Mures¸an, Algebraic and topological results
on lifting properties in residuated lattices, Fuzzy Sets and Systems, 271,
2015, 102-132.
[19] G. Georgescu, I. Voiculescu, Isomorphic sheaf representations of normal
lattices, J. Pure Appl. Algebra, 45, 1987, 213 - 223
[20] G. Georgescu, I. Voiculescu, Some abstract maximal ideal-like spaces, Al-
gebra Universalis, 26, 1989, 90 - 102
[21] A. W. Hager, C. M. Kimber, W. Wm. McGovern, Clean unital l-groups,
Math. Slovaca, 63, 2013, 979 - 992
[22] M. Hochster, Prime ideals structures in commutative rings,
Trans.Amer.Math.Soc., 142, 1969, 43 - 60
[23] N. A. Immormino, Some notes on clean rings, Bowling Green State Uni-
versity, 2012
[24] P. Jipsen, Generalization of Boolean products for lattice-ordered algebras,
Annals Pure Appl. Logic, 161, 2009, 224 - 234
[25] P. T. Johnstone, Stone Spaces, Cambridge Univ. Press, 1982
[26] T. Kowalski, H. Ono, Residuated Lattices: An algebraic Glimpse at Logics
without Contraction, manuscript, 2000
[27] T. Y. Lam, Lectures on modules and rings, Graduate Texts in Mathemat-
ics, vol.189, Springer Verlag, 1999.
[28] L. Leus¸tean, Representations of many-valued algebras, Editura Universi-
tara, Bucharest, 2010
[29] D. Lu, W. Yu, On prime spectrum of commutative rings. Comm. Algebra,
34, 2006, 2667 - 2672
[30] J. Martinez, Abstract ideal theory, Ordered Algebraic Structures, Lecture
Notes in Pure and Appl. Math., 99, Marcel Dekker, New York, 1985
30
[31] J. Martinez, E. R. Zenk, Regularity in algebraic frames, J. Pure Appl.
Algebra, 211, 2007, 566 - 580.
[32] W. Wm. McGovern, Neat rings, J. Pure Appl. Algebra, 205, 2006, 243 -
265
[33] C. Mures¸an, Algebras of many - valued logic. Contributions to the theory
of residuated lattices, Ph.D. Thesis, University of Bucharest, 2009
[34] W. K. Nicholson, Lifting idempotents and exchange rings, Trans. Amer.
Math. Soc., 229, 1977, 268 - 278
[35] J. Paseka, Regular and normal quantales, Arch. Math.(Brno), 22, 1996,
203 - 210
[36] J. Paseka, J. Rosicky, Quantales, Current Research in Operational Quan-
tum Logic : Algebras, Categories and Languages, Fund. Theories Phys,
vol. 111, Kluwer, 2000, 245 - 262.
[37] Y. S. Pawar, Characterization of normal lattices, Indian J. Pure Appl.
Math. 24, (11), 1993, 651 - 656
[38] K. I. Rosenthal, Quantales and their Applications, Longman Scientific and
Technical, 1989
[39] G. Selvaraj, S. Petchimuthu, On prime spectrum of 2-primal rings, Bull.
Inst. Math. Acad. Sin. 6(1), 2011, 73 - 84
[40] H. Simmons, Reticulated rings, J. Algebra, 66, 1980, 169 - 192
[41] H. Simmons, Compact representation- the lattice theory of compact ringed
spaces, J. Algebra, 126, 1989, 493 - 531
[42] T. P. Speed, Spaces of ideals of distributive lattices II. Minimal prime
ideals, J. Australian Math. Soc., 18, 1974 - 72
[43] A.Tarizadeh, Flat topology and its dual aspects, Comm. Algebra, 47(1),
2019, 105 - 205
[44] A. Tarizadeh, Zariski compactness of minimal spectrum and flat compact-
ness of maximal spectum, J. Algebra Appl., 18(11),2018
[45] A. Tarizadeh, M.Aghajani, On purely-prime ideals with applications,
ArXiv 2001. 04823, Jan. 2020
31
